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INCOMPLETE RELAXATION AND FINITE BETA PLASMAS

Leaf Turner* and J. P. Christianaen
University of California, UKAEA/Euratom, Culham Laboratory
Los Alamos Scientific Laboratory Ablngdon, Oxfordshire
Los Alamoa, New Mexico, 87545, USA OX14 3DB, United Kingdom

1. Introduction

The Betting-up phase of toroidal diechargee ie generally believed to involve

complex turbulent proceesee which cannot be deecribed in detail even by largs

3-D NHD codes. However, the interest within the CTR community centere on

describing the groem featuree of the plasma configuration which result from and

which are euetained by turbulent proceeaee.

The treatment of plasma relaxation presented In thie paper iB a natural

generalization of the earlier treatment of Taylorl and yields predictions of

finite beta piaema confinement. The analy~ia yields predictions for global

reversed-field pinch (RFP) parameters much as Bd, F, and G. In qualitative

accordance with the experimental evidence that RFP diachargee have a cool inter

region of high re~iativity, we present a plasma model which permits vaniahing

wall values of pressure and current density.

II. The Green’s Function

We consider the magnetic vector potential in the Coulomb gauge for a

siu,ply-connected (apheromak) or a multiple-connected (toroid, Infini:e straight

cylinder) domair, bounded by a perfect conductor. The vector potential may be

decompaeed intc two eolenoidal parta & - lo + $J. The curl of # yields a

lJ arieea eolelyvacuum magnetic field bearing the constrained magnetic fluxes.

from the preeence of volume current dennity ; within

; x AJI - 0, which ensures that ; ● ;I
b’dy b,dy - 0“

●imply-cormected geometries. Our procedure IS the

procedure used to derive the electrostatic scalar

the plasma and natiefiea

Note that ~a = O for

vector analog of the

potential of a charge

distribution In a domain bounded by a perfect conductor. Indeed, one may note

that the ❑agnetic counterpart of the electrostatic energy 10 CM+ ~ ~J.jd3r

●fter ●ubcracting off the conmtant energy of the flux-determined vacuum magnetic

fields. Note the lack of ●xplicit dependence on the surface current density.
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AB In the electrostatic case, a Green’s function may be defined. For the

caee of a domain having a straight cylindrical conducting boundary with circular

croae section of radius r. containing a magnetic ~lux ur~Bo and current deneity

I(*)

(1)

where [V2 :(w)] --4m6ij 6(3) (t-t’). If we define the complete Bet of
ij

aolenoidal expaneion vectors for ~J aatiefying the boundary condition,
d3r

orrhonormal on ~=

1/2
~~n(t) E [ 2 1 1

(ymnro)2 -m2 lJm(~mnro)l

x [+Jm(ymnr)Z - YmJm’(ymnr))3] exp i(me + klz) B (2a)

~dn(~) s
#2

vmn~dnrolJm’ (Vmnr”o~

mk~
x [ikcvmnJm’(vmnr) ~ -Y Jm(vmnr)a +V&Jm(vmnr)~]

(2b)x exp i(m8 + klz)~

where 2 1/2, AmEn
‘m’(ymnr!:E- Jm(vmnro) ‘0’ ‘d”- ‘V:n+kg )

= (ym:+kE2)l’2,

and where kfl -Y (L being the longitudinal period length); then
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+
One should note that ~ = [;x@(*)] and 3 = ~x[~x~W(*)l here $ and Y a~tiafy

ecalar Flelmholtz equations and ~ = ~. (For a spherical boundary, ~ - ~.) Using

Eq. (2), one can verify that the set of C%andrasekhar-Kendall (force-free)

eigenvectore used in Ref. 2 1s incomplete.

111. Rypothesiu of Incomplete Relaxation

Without lose of generality, we shall confine our attention to the case of

cylindrical symmetry. (Extension to the helically symmetric case is

straightforward.) Equations (l)-(3) yield Ae(r) - ~rBo +n~~ an Jl(yonr) and

Az(r) -~ bn Jo(vonr) which imply the follohing complete,
n= 1

orthogonal

representation of the magnetic fields: Be(r) ‘n~l bn Von J1 (Vonr) and

B=(r) = B. +n~l an yon Jo(yonr)a T5c expansion of the magnetic field is in

terms of cigenvectors of the re~istive diffusion operator for the case of an

isotropic homogeneous resietivity n. Therefore, one can associace with each

eigenvector a diffuaioil time scale tn = 4wA~/nc2, whe~e An = vo~l or y=~l=

In a quaai-eteady state, we envisage unspecified turbulent processes

occurring on a time scale I which culminate in a dynamo or “a-effect”3 that

opposes resistive diffusion of spectral modes with tn ~ T. A direct cascade of

❑agnetic energy through an “inertial” range of the magnetic energy epectrum, due

to nonlinear magnetic field-velocity interacticnaj,2i: thereby resistively

dissipated at a Kolmogorov-like scale length C.(~’T/4fl) ●

The a-effect 10 then calculable ~ithout the cuetomary recourse to kinematic

assumptions

the ❑agnetic

electively

incompletely

if one invokes a hypothesis of incomplete relaxation of the plasma:

energy CM of a reeistive plasma bounded by a perfect conductor

decays with respect to the magnetic helicity K.s As a result, the

relaxed state (IRS) of the plasma h~a the ❑inimum CM compatible

with constant magnetic flux @ and constant K, am well ae with the resistive

truncation of the spectrum.

Thle hypotheeia 18 implemented by eetting

(4)

The additional requA~emente
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6(EM - uK) 6(CM - BK)

6an
=0, n<Nz;

6bg
-O, %CNe (5)

determine the remaining coefficient.

The resulting IRS has

1) a non-vanishing Be, calculated from

i3fJ= ~{~rordr[p(r) -p(ro)l/B~(~o)},

‘o

where r. = wall radiue and ~p 1s taken to be ~~x~,

2) i(ro) - 0,
c

and

3) an u-effect calculable from the mteady-state conditton:

t = ~(r)”ll(r) + nj(r) = O.

The global RFP parameters Be, F, and O describing the IRS are found to be

consistent with experimental data; e.g., f3fj 18 a ❑onotonically incre~sing

function of O in the relevant domain. See Figs. 1 and 2.

Iv. Diecua8ion

Associated with partial relaxation la a net confinement of plasma energy;

i.e., Be > 0. The associated pressure profile IS found to bc qualitatively

meneitive to the choice of Ne and Nz. ThIa sensitivity may be attrib!ltable to

any of the following causes:

1) the presence of localized instabilities that are required to maintain

the IRS,

2) the neglect of pressure and velocity fields in Eq. (5),

3) the sharpness of the reeiative runcation of Eq. (4), and

4) the neglect of a turbulent .urrent-field interaction, ~~x6%, whose
+

ensemble average can contribute to Vp.

We have considered variouq physical mechanisms that lead to smoothed pressure

profiles, including ● gradual resistive truncation procedure motivated by a

suggestion of K. V. Roberta. The dynamics determining the actual reaiottve

truncation iu u~known am la also the dynamics gnverning the approach to the IRS.

Application to helical modes in an RFP 10 straightforward. The present

formulation permite ready evalation of the propertied of the IRS for a variety

6 We wish to re-emphaaize that the theoretical anatomy of anof geometries. RFP
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differa from that of a simply-connected aphercmak only by the presence of a

non-vanishing time-independent to. Extension of our analyaie to caaea of

anisotropic and Inhomogeneous reaietivity requires some further analysie.

One of us (L. T.) wishes to thank the members of the Culham Laboratory for
their generoue hospitality extended to both him and 51s family during his recent
visit under the US/Euratom scientific cooperation on RFP research.
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Fig. 1. F as a function of O for the cylindrically symmetric
minimum energv ntate. The cases N-N6=NZ=1,2,10,20
are depicted.
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Fig. 2. Poloidal beta aa a function of 0 for the cylindrically
symmetric minimum energy ntate. The cases Ne=Nz_l,2,4,
5,10 are depicted.


